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Abstract
Recently, we have studied the general Virasoro construction at one loop
in the background of the general non-linear sigma model. Here, we find the
action formulation of these new conformal field theories when the background
sigma model is itself conformal. In this case, the new conformal field theo-
ries are described by a large class of new spin-two gauged sigma models. As
examples of the new actions, we discuss the spin-two gauged WZW actions,
which describe the conformal field theories of the generic affine-Virasoro con-
struction, and the spin-two gauged g/h coset constructions. We are able to
identify the latter as the actions of the local Lie h-invariant conformal field
theories, a large class of generically irrational conformal field theories with a
local gauge symmetry.
1 Introduction
The general affine-Virasoro construction [1–3] describes the general conformal stress
tensor
T = Lab : JaJb :, a, b = 1, . . . , dim g (1.1)
in the background of the WZW action on Lie g, where Ja are the currents of affine Lie g
[4–6], and the coefficients Lab satisfy the Virasoro master equation. The conformal field
theories (CFTs) described by (1.1) have generically irrational central charge, even when
the theories are unitary. The generic affine-Virasoro action [7–9] is a large set of spin-
two gauged WZW actions which describe the generic CFT whose stress tensors have the
form (1.1). The spin-two nature of the generic theory is a consequence of K-conjugation
covariance [6, 10, 11, 1], which tells us that each T comes with a commuting K-conjugate
partner T˜
Kg : Tg = T + T˜ (1.2)
such that T and T˜ sum to the affine-Sugawara construction [6, 10, 12, 13] Tg on g. See
[3] for a review of the general affine-Virasoro construction and irrational conformal field
theory.
Recently, the first part of this program has been extended [14, 15] from the WZW
background to the general non-linear sigma model. In particular, the general conformal
stress tensor
T ∼ Lij∂+xi∂+xj , i, j = 1, . . . , dim M (1.3)
was studied at one loop in the background of the general non-linear sigma model, in-
cluding the dilaton, and a unified Einstein-Virasoro master equation was obtained for the
coefficient Lij . It remains therefore to find the actions of the new CFTs associated to
these more general stress tensors.
In this paper, we confine ourselves to those background sigma models which are them-
selves conformal, in which case the more general stress tensors (1.3) also exhibit K-
conjugation covariance in the form
KG : TG = T + T˜ (1.4)
where TG is the conformal stress tensor of the background sigma model.
Following [7], we find that the generic conformal field theory of this type is described by
a very large class of generically new spin-two gauged sigma models, including the general
non-linear sigma model itself, the Polyakov-gauged general non-linear sigma model, and
the spin-two gauged WZW actions as special cases.
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As another special case, we study the spin-two gauged coset constructions, for which
K-conjugation takes the form
Kg/h : Tg/h = T + T˜ (1.5)
where Tg/h is the stress tensor of the g/h coset construction [6, 10, 11]. We are able to
identify the spin-two gauged coset constructions as the actions of the local Lie h-invariant
CFTs [16], which are known to exhibit K-conjugation through the coset constructions.
The set of local Lie h-invariant CFTs is the large class of generically irrational CFTs in
the Virasoro master equation with an extra Lie h gauge symmetry, including the coset
constructions as the simplest case. Because of their extra Lie h gauge symmetry, the
actions of this class of theories were previously unknown. With the answer in hand,
however, we find that these theories may equivalently be described as spin-two and spin-
one gauged WZW actions.
More generally, we expect that the class of CFTs described by the spin-two gauged
sigma models is vast: one hint in this direction is the observation of many other kinds
[16] of K-conjugation covariance beyond the examples Kg and Kg/h discussed explicitly
here.
2 Spin-Two Symmetries of the General Sigma Model
In this section, we review the classical form of the general non-linear sigma model and
its spin-two symmetries, following the development and notation of [14, 15].
On any manifold M , the Minkowski-space form of the general non-linear sigma model
is
SG =
∫
d2ξLG (2.1a)
LG = 18piα′ (Gij +Bij)∂+xi∂−xj (2.1b)
d2ξ = dτdσ, ∂± = ∂τ ± ∂σ (2.1c)
Hijk = ∂iBjk + ∂jBki + ∂kBij (2.1d)
where 0 ≤ σ ≤ 2π, xi, i = 1, . . . , dim M are coordinates on M and α′ is the string
tension. The fields Gij and Hijk are respectively the metric and the torsion field on M .
The equations of motion can be written in two equivalent forms
∂+∂−xi + ∂±xj∂∓xkΓˆ
∓i
jk = 0 (2.2a)
Γˆ±ijk = Γjk
i ± 1
2
Hjk
i (2.2b)
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where Γˆ± are the generalized Christoffel connections with torsion.
We also introduce the vielbein ei
a, a = 1, . . . , dim M on M ,
Gij = ei
aGabej
b (2.3a)
∇ˆ±i eja = ∂ieja − Γˆ± kij eka + ejb(ωˆ±i )ba = 0 (2.3b)
(ωˆ±i )a
b = (ωi)a
b ± 1
2
Hia
b (2.3c)
where Gab is the tangent-space metric and ωˆ
± are the generalized spin connections with
torsion. This gives the tangent-space form of the equations of motion
∂∓J±a = (ωˆ
±c)abJ
±
b J
∓
c (2.4a)
J±a = Gabei
b∂±xi (2.4b)
in terms of the currents J±.
To obtain the Hamiltonian formulation, we need the Poisson brackets of the coordi-
nates with the momenta pi = ∂LG/∂x˙i,
[xi(σ), pj(σ
′)] = iδijδ(σ − σ′) (2.5a)
J±a = ea
i(4πα′pi + (Bij ±Gij)∂σxj) (2.5b)
and the equal-time current algebra [14]
[J+a (σ), J
+
b (σ
′)] = 8πiα′Gab∂σδ(σ − σ′) + 4πiα′δ(σ − σ′)[J−c ωˆ+cab − J+c τˆ+cab]
[J−a (σ), J
−
b (σ
′)] = −8πiα′Gab∂σδ(σ − σ′) + 4πiα′δ(σ − σ′)[J+c ωˆ−cab − J−c τˆ−cab]
[J+a (σ), J
−
b (σ
′)] = 4πiα′δ(σ − σ′)[ωˆ+bacJ+c − ωˆ−abcJ−c ] (2.6a)
(τˆ±)cab ≡ ωcab + ωabc + ωbca ± 1
2
Hcab (2.6b)
which follows from (2.5). The sigma model Hamiltonian is
HG =
∫ 2pi
0 dσHG (2.7a)
HG = TG++ + TG−− (2.7b)
TG±± =
1
8piα′
LabG J
±
a J
±
b , L
ab
G =
Gab
2
(2.7c)
A˙ = i[HG, A] (2.7d)
where Gab is the inverse of the tangent space metric.
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The stress tensors TG++ and T
G
−− are respectively chiral and antichiral
∂∓T
G
±± = 0 (2.8)
and satisfy the commuting Virasoro algebras
[T±±(σ), T±±(σ
′)] = ±i[T±±(σ) + T±±(σ′)]∂σδ(σ − σ′)
[T++(σ), T−−(σ
′)] = 0 (2.9)
at equal time. The semiclassical limit of the central charge of TG±± is cG = dim M .
We turn now to the contruction of new chiral and antichiral stress tensors in the
background of the sigma model. With [14, 15], we suppose that the manifold M supports
two covariantly-constant second-rank symmetric tensors L and L¯
∇ˆ+i Lab = ∇ˆ−i L¯ab = 0 (2.10a)
Lab = 2LacGcdL
db, L¯ab = 2L¯acGcdL¯
db (2.10b)
called the (inverse) inertia tensors on M . The relations (2.10b) are familiar as the high-
level or semiclassical form [17, 18, 7] of the Virasoro master equation, and are easily solved
as
La
b =
Pa
b
2
, L¯a
b =
P¯a
b
2
(2.11)
where P and P¯ are orthogonal projectors. The relations (2.10a) are called the covariant-
constancy conditions; necessary and sufficient conditions for the existence of solutions to
these conditions are known [14, 15], and examples will be discussed below.
For each such pair of inertia tensors onM , one has the associated chiral and antichiral
stress tensors
T++ =
1
8piα′
LabJ+a J
+
b , T−− =
1
8piα′
L¯abJ−a J
−
b (2.12a)
∂∓T±± = 0 (2.12b)
which also satisfy the two commuting Virasoro algebras in (2.9).
The K-conjugate [6, 10, 11, 1] stress tensors
T˜++ =
1
8piα′
L˜abJ+a J
+
b , T˜−− =
1
8piα′
˜¯L
ab
J−a J
−
b (2.13a)
L˜ab = LabG − Lab, ˜¯L
ab
= LabG − L¯ab (2.13b)
∂∓T˜±± = 0 (2.13c)
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are also respectively chiral and antichiral and satisfy the Virasoro algebra (2.9) because
the corresponding relations
∇ˆ+i L˜ab = ∇ˆ−i ˜¯L
ab
= 0 (2.14a)
L˜ab = 2L˜acGcdL˜
db, ˜¯L
ab
= 2˜¯L
ac
Gcd
˜¯L
db
, (2.14b)
follow from (2.10a), (2.10b) and (2.13b).
Counting the K-conjugate stress tensors, this gives us a total of four commuting
Virasoro generators
T++, T˜++, T−−, T˜−− (2.15)
which sum in K-conjugate pairs to the sigma model stress tensors TG±±
KG : T
G
±± = T±± + T˜±±. (2.16)
The interpretation of this structure, well-known from the general affine-Virasoro construc-
tion, is that the background sigma model TG±± factorizes into two commuting K-conjugate
conformal field theories
L theory : T++, T−−
L˜ theory : T˜++, T˜−− (2.17)
each of which possesses its own chiral and antichiral stress tensors.
The four Virasoro generators T++, T˜++, T−−, T˜−− correspond to spin-two symmetries
of the sigma model action SG in (2.1a) and these generators can be obtained from SG by
Noether’s theorem, using the symmetries
δxi = 2ξ(τ+)Lij∂+x
j
δ˜xi = 2ξ˜(τ+)L˜ij∂+x
j
δ¯xi = 2ξ¯(τ+)L¯ij∂−x
j
˜¯δxi = 2˜¯ξ(τ+)˜¯L
i
j∂−x
j
τ± = τ ± σ
δSG = δ˜SG = δ¯SG =
˜¯δSG = 0 (2.18)
where ξ, ξ˜, ξ¯, ˜¯ξ are the infinitesimal parameters of the transformations.
In [14], the one-loop quantum corrections to this classical discussion were considered
in detail, including the dilaton Φ. It was shown there that this picture, including the
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K-conjugate pairs of Virasoro operators, survives at one loop1 as long as the background
sigma model is itself conformal (G, B and Φ satisfy the Einstein equations). In what
follows, the discussion applies only to this case. We also emphasize that the classical
inverse inertia tensors L, L¯, L˜, ˜¯L are only the semiclassical limits of the one-loop inertia
tensors of [14], but this is all that is needed [7] to construct the classical Hamiltonian and
action formulation of the new CFTs. The semiclassical limits of the central charges of the
various stress tensors are
c(T++) = rankL, c(T−−) = rank L¯ (2.19a)
c(T˜++) = rank L˜, c(T˜−−) = rank ˜¯L (2.19b)
cG = dim M = c(T++) + c(T˜++) = c(T−−) + c(T˜−−). (2.19c)
See [13] for further details at the one-loop level.
3 Hamiltonian and Action Formulations of the New CFT’s
In [14] and Section 2, the discussion was limited to the construction of the stress
tensors of the new CFTs, and we now want to find the classical Hamiltonian and action
formulations of the new theories, following the development of [7] for the generic affine-
Virasoro action. In what follows, we focus on the L theory, with stress tensors T±±, but
the corresponding constructions for the L˜ theory follow by K-conjugation
L↔ L˜, L¯↔ ˜¯L, T±± ↔ T˜±± (3.1)
at any stage of the discussion.
3.1 Hamiltonian Formulation
We begin with the basic Hamiltonian of the L theory
H0 =
∫
dσH0 (3.2a)
H0 = T++ + T−− (3.2b)
T++ =
1
8piα′
LabJ+a J
+
b , T−− =
1
8piα′
L¯abJ−a J
−
b (3.2c)
J±a = ea
i(4πα′pi + (Bij ±Gij)∂σxj) (3.2d)
A˙ = i[H0, A] (3.2e)
∂∓T±± = 0 (3.2f)
1The classical picture is of course exact in the quantum theory when the background sigma model is
the WZW action, since this case corresponds to the general affine-Virasoro construction.
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where the metric Gij , vielbein ei
a and antisymmetric tensor field Bij are those of the
background conformal sigma model SG. Note that the currents J
± are now defined by their
canonical construction (3.2d), which guarantees the general current algebra (2.6a), (2.6b),
although the relation (2.4b) no longer holds (except for the special case Lab = L¯ab = LabG ,
which returns us to the original sigma model). As a consequence, all four stress tensors
T±±, T˜±± satisfy commuting Virasoro algebras (as they did in the original sigma model)
and we find in particular that the K-conjugate stress tensors (associated to the L˜ theory)
are local symmetries of the basic Hamiltonian
[H0, T˜++(σ)] = [H0, T˜−−(σ)] = 0. (3.3)
This identifies the system as a spin-two gauge theory, and we may follow Dirac to construct
the full Hamiltonian of the L-theory
H =
∫
dσH (3.4a)
H = H0 + v · T˜ (3.4b)
= T++ + T−− + vT˜++ + v¯T˜−− (3.4c)
= HG + 1
8πα′
[(v − 1)L˜abJ+a J+b + (v¯ − 1)˜¯L
ab
J−a J
−
b ] (3.4d)
A˙ = i[H,A] (3.4e)
∂∓T±± = 0 (3.4f)
in which the L-theory is gauged by its K-conjugate partner, the L˜ theory. Here, v and v¯
are Lagrange multipliers which form a world-sheet spin-two gauge field [7]
√
−h˜h˜mn = 2
v + v¯

 −1 12(v − v¯)
1
2
(v − v¯) vv¯

 , m = (τ, σ) (3.5)
called the K-conjugate metric. The Hamiltonian (3.2a) is correct for the generic L theory,
but must be further gauged if H0 possesses further local symmetries (see Sections 5.3
and 7).
This system possesses a Diff S1 × Diff S1 symmetry generated by the K-conjugate
stress tensors
∂A = i[
∫
dσ ǫ(σ)T˜++(σ) + ǫ¯(σ)T˜−−(σ), A] (3.6a)
δv = ǫ
↔
∂ σ v, δv¯ = −ǫ¯
↔
∂ σ v¯ (3.6b)
δxi = eia(ǫL˜
abJ+b + ǫ¯
˜¯L
ab
J−b ) (3.6c)
δH = δH0 = 0 (3.6d)
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which is extended to Diff S2 on passage to the non-linear form of the action in the usual
manner [7]. We shall return to the non-linear form of the action below.
Here we follow [8], going directly to the linear form of the action via the introduction
of the auxiliary fields B, B¯,
H′ = HG + 1
4πα′
[αL˜abBaBb +
1
2
(Ba − J+a )Gab(Bb − J+b )
+α¯ ˜¯L
ab
B¯aB¯b +
1
2
(B¯a − J−a )Gab(B¯b − J−b )] (3.7a)
α =
1− v
1 + v
, α¯ =
1− v¯
1 + v¯
(3.7b)
A˙ = i[H ′, A] (3.7c)
H′(B,B¯)∗ = H. (3.7d)
The new Hamiltonian H ′ =
∫
dσH′ is equivalent to the Hamiltonian H , as shown, after
using the (B, B¯) = (B, B¯)∗ equations of motion.
3.2 Action Formulation: The New Spin 2 Gauged Sigma Models
Defining x˙i by (3.7c) as usual leads to the useful identities
J+a + J
−
a = 2[Ba + B¯a +Gabei
bx˙i] (3.8a)
J+a − J−a = 2eaiGij∂σxj (3.8b)
J±a = Ba + B¯a −Gabeib∂±xi (3.8c)
and then, with L′ = x˙ipi −H′, we find the linear form of the action of the L-theory
S ′ =
∫
d2ξ L′ (3.9a)
L′ = LG + 1
4πα′
[αL˜ijB
iBj + α¯ ˜¯LijB¯
iB¯j
−(Bi − ∂+xi)Gij(B¯j − ∂−xj)] (3.9b)
as a generically new spin-two gauged sigma model. This is the central result of this paper.
In fact, the construction describes a very large class of CFTs, one family for each pair
L˜, ˜¯L of covariantly constant inertia tensors
∇ˆ+i L˜jk = ∇ˆ−i ˜¯Ljk = 0 (3.10a)
L˜i
j = 2L˜i
kL˜k
j, ˜¯Li
j = 2˜¯Li
k ˜¯Lk
j (3.10b)
8
in the background of the original sigma model SG (recall that (2.10) is equivalent to
(3.10)). Necessary and sufficient conditions for the solution of (3.10) are given in [14, 15]
and these references also discuss the conformal stress tensors of these theories at the
one-loop level including the dilaton.
This action exhibits a spin-two gauge symmetry, or Diff S2 invariance
δα = −∂−ξ + ξ
↔
∂+ α (3.11a)
δxi = ξi = 2ξL˜ijB
j (3.11b)
δBi = ∂+ξ
i − (Bj − ∂+xj)ξk(Γˆ+)jki (3.11c)
δB¯i = −ξjB¯k(Γˆ−)jki (3.11d)
δ¯α¯ = −∂+ξ¯ + ξ¯
↔
∂− α¯ (3.12a)
δ¯xi = ξ¯i = 2ξ¯ ˜¯L
i
jB
j (3.12b)
δ¯Bi = −ξ¯jBk(Γˆ+)jki (3.12c)
δ¯B¯i = ∂−ξ¯
i − (B¯j − ∂−xj)ξ¯k(Γˆ−)jki (3.12d)
δS ′ = δ¯S ′ = 0 (3.13)
associated to the L˜ theory, where ξ and ξ¯ are the infinitesimal parameters of the trans-
formation. The α, α¯ transformations in (3.11a) and (3.12a) can be related to the usual
[7] Diff S2 transformations of v and v¯ by
ξ =
1 + α
2
ǫ ↔ δv = ǫ˙+ ǫ ↔∂ σ v (3.14a)
ξ¯ =
1 + α¯
2
ǫ¯ ↔ δ¯v¯ = ˙¯ǫ+ v¯ ↔∂ σ ǫ¯. (3.14b)
It will also be useful to have the tangent-space form of these invariances
δxi = ξaea
i, ξa = 2ξL˜abB
b (3.15a)
δBa = ∂+ξ
a − ξbBc(ωˆ−)bca + ξb(∂+x)c(ωˆ+)cba (3.15b)
δB¯a = −ξbB¯c(ωˆ−)bca (3.15c)
δ¯xi = ξ¯aea
i, ξ¯a = 2ξ¯ ˜¯L
a
bB¯
b (3.16a)
δ¯Ba = −ξ¯bBc(ωˆ+)bca (3.16b)
δ¯B¯a = ∂−ξ¯
a − ξ¯bB¯c(ωˆ+)bca + ξ¯b(∂−x)c(ωˆ−)cba (3.16c)
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where (∂±x)a = ∂±xieia. The semiclassical central charges of the spin-two gauged sigma
models are (cL, cR) = (rankL, rank L˜).
The original sigma model action SG is contained in the action S
′ in two independent
ways:
(1) Lab = L¯ab = LabG , L˜ =
˜¯L = 0 (3.17)
(2) v = v¯ = 1, α = α¯ = 0, h˜mn =

 −1 0
0 1

 (3.18)
after trivially integrating out B and B¯. The first is the choice to return to SG, while the
second is the conformal gauge of the new spin-two gauged sigma models. The Polyakov-
gauged general non-linear sigma model is also contained as the special case L = L¯ = 0,
L˜ = ˜¯L = LG of these spin-two gauged sigma models (see Section 3.3).
3.3 Non-Linear Form of the Spin 2 Gauged Sigma Models
To go to the non-linear form of the action, we must integrate out the auxiliary fields
B, B¯ of S ′ using the B, B¯ equations of motion
2αL˜ijB
j − B¯i + ∂−xi = 0 (3.19a)
2α¯ ˜¯L
i
jB¯
j − Bi + ∂+xi = 0. (3.19b)
These can be solved for B, B¯ as
B = (1− 4αα¯ ˜¯LL˜)−1(∂+x+ 2α¯ ˜¯L∂−x) (3.20a)
B¯ = (1− 4αα¯L˜ ˜¯L)−1(∂−x+ 2αL˜∂+x) (3.20b)
and substitution into S ′ gives the non-linear form of the new spin 2 gauged sigma models
S =
∫
d2ξL (3.21a)
L = 1
8πα′
[(−Gij +Bij)∂+xi∂−xj +mTNm] (3.21b)
where
m =

 ∂+x
∂−x

 , N =

 2αL˜(1− 4αα¯ ˜¯LL˜)−1 (1− 4αα¯L˜ ˜¯L)−1
(1− 4αα¯ ˜¯LL˜)−1 2α¯ ˜¯L(1− 4αα¯L˜ ˜¯L)−1

 . (3.22)
The Diff S2 or spin-two gauge invariance of the non-linear action
δx = 2ξL˜(1− 4αα¯ ˜¯LL˜)−1(∂+x+ 2α¯ ˜¯L∂−x)
δ¯x = 2ξ¯ ˜¯L(1− 4αα¯L˜ ˜¯L)−1(∂−x+ 2αL˜∂+x) (3.23)
10
(together with (3.11a) and (3.12a) is obtained by substitution of (3.20a), (3.20b) in (3.11b)
and (3.12b). As in [7], these nonlinear realizations of Diff S2 are generically new (see also
(3.28)-(3.30)).
As in the linearized version, the original sigma model action SG is contained in the non-
linear action S in the same two independent ways (3.18), including the conformal gauge
choice α = α¯ = 0. In this connection, we note that the traceless covariantly-conserved
symmetric stress tensor
Θmn =
2√
−h˜
δS
δh˜mn
(3.24)
reduces in the conformal gauge to
Θ00 = Θ11 = T˜++ + T˜−− (3.25)
Θ01 = Θ10 = T˜++ − T˜−−. (3.26)
This identifies the K-conjugate metric h˜mn as the world-sheet metric of the L˜ theory, as
expected from the generic affine-Virasoro action [7, 8].
Using the conformal gauge, we can also check directly that, in the new actions, we
have correctly gauged the K-conjugate part (T˜±±) of the spin-two symmetries (2.18) of
the original sigma model SG. According to (3.11a) and (3.12a), the conformal gauge has
a residual symmetry which leaves α = α¯ = 0,
∂−ξ = ∂+ξ¯ = 0 (3.27a)
δxi = 2ξ(τ+)L˜ij∂+x
j ≡ δ˜xi (3.27b)
δ¯xi = 2ξ¯(τ−)˜¯L
i
j∂−x
j ≡ ˜¯δxi (3.27c)
and (3.27b) and (3.27c) are identical to our earlier results in (2.18).
We finally note that the Polyakov-gauged general non-linear sigma model
SGP =
1
8πα′
∫
d2ξ(−
√
−h˜h˜mnGij∂mxi∂nxj +Bij∂+xi∂−xj) (3.28)
(see (3.5)) is included as the special case
L = L¯ = 0, L˜ = ˜¯L = LG (3.29)
in this set of spin-two gauged sigma models. As in [7], this is the only case where the
spin-two gauge transformations (3.23)
(δ + δ¯)x = ǫ∂+x+ ǫ¯∂−x (3.30a)
 ǫ
ǫ¯

 = 1
1− αα¯

 1 α
α¯ 1



 ξ
ξ¯

 (3.30b)
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are ordinary diffeomorphisms and the K-conjugate metric h˜mn is the world-sheet metric
of the theory.
4 Example: The Spin-Two Gauged WZW Actions
In this section we study the spin-two gauged WZW actions as an explicit example of
the spin-two gauged sigma models (3.9) and (3.10), and identify this set of actions as the
generic affine-Virasoro action [7–9].
To begin we choose the background sigma model SG to be the sigma model form of
the WZW action SWZW on simple Lie g, whose explicit form is given in Appendix A. The
sigma model data for the WZW action is [14]
yi = 1√
α′
xi, i = 1, . . . , dim g (4.1a)
Gab = kηab, a, b = 1, . . . , dim g (4.1b)
ei = −ig−1 ∂∂yi g = eiaTa, e¯i = −ig ∂∂yig−1 = e¯iaTa (4.1c)
Tr(TaTb) = yGab (4.1d)
ωˆ+ab
c = 0, ωˆ−ab
c = − 1√
α′
fab
c. (4.1e)
Here yi are the dimensionless coordinates of the WZW action, g ∈ G is the group element,
ηab and fab
c are respectively the Killing metric and structure constants of g and k is the
(high) level of affine g. The asymmetry of the spin connections ωˆ± in (4.1e) follows
because we have identified the sigma model vielbein with the left-invariant vielbein ei
a
on the group manifold.
In this case, the stress tensors TG±± of the background sigma model are the (high-level
forms of) the affine-Sugawara constructions T g±± on g, and the K-conjugation relations
(2.16) read
T g±± = T±± + T˜±± (4.2a)
Kg : L
ab
g = L
ab + L˜ab = L¯ab + ˜¯L
ab
(4.2b)
Labg =
Gab
2
= η
ab
2k
(4.2c)
in this case. With Labg = η
ab/(2k + Qg) and the exact solutions L, L˜ of the Virasoro
master equation, these relations are exact at the quantum level in the general affine-
Virasoro construction. It follows that the corresponding spin-two gauged form (3.9) of
the WZW action must be equivalent to the generic affine-Virasoro action, which describes
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a very large class of irrational conformal field theories. As we shall see, this is not difficult
to check.
To realize the spin-two gauged WZW action (3.9), we need the solutions of the co-
variant constancy conditions (3.10a) for the WZW background (4.1). These were given
in [14],
Lab = constant (4.3a)
L¯′ab = L¯cdΩcaΩdb = constant (4.3b)
∂
∂yi
Ωa
b + ei
dfda
cΩc
b = 0 (4.3c)
where Ω is the adjoint action of g. The K-conjugate form of these solutions
L˜ab = constant (4.4a)
˜¯L
′ab
= ˜¯L
cd
Ωc
aΩd
b = constant (4.4b)
then follows from eq (4.2b). The following associated definitions
B′a =
1
2
√
α′
Ba, B¯
′
a = − 12√α′ (Ω−1)abB¯b (4.5a)
B′ = B′aTa, B¯′ = B¯′aTa (4.5b)
ξ′ = 2ξ, ξ¯′ = 2ξ¯ (4.5c)
∂ = 1
2
∂+, ∂¯ =
1
2
∂− (4.5d)
will also be useful.
With the WZW results (4.1), (4.3) and (4.4) and the definitions (4.5), we find that
the spin-two gauged WZW action (3.9) can be written as
S ′AV = SWZW +
∫
d2ξ∆LB (4.6a)
∆LB = α
πy2
L˜abTr(TaB
′)Tr(TbB
′)
+
α¯
πy2
˜¯L
′ab
Tr(TaB¯
′)Tr(TbB¯
′)
− 1
πy
Tr(D¯gDg−1) (4.6b)
D = ∂ + iB′, D¯ = ∂¯ + iB¯′ (4.6c)
L˜ab = 2L˜acGcdL˜
db, ˜¯L
ab
= 2˜¯L
ac
Gcd
˜¯L
db
(4.6d)
where g ∈ G is the group element of the WZW action SWZW . Moreover, the tangent-space
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form (3.15) of the Diff S2 invariance of the spin-two gauged WZW action can be put in
the form
δα = −∂¯ξ′ + ξ′ ↔∂ α, δα¯ = −∂ξ¯′ + ξ¯′
↔
∂ α¯ (4.7a)
δg = giλ− iλ¯g (4.7b)
δB′ = ∂λ + i[B, λ], δB¯ = ∂¯λ¯+ i[B¯, λ¯] (4.7c)
λ = λaTa, λ¯ = λ¯
aTa (4.7d)
λa = 2ξ′L˜abB′b, λ¯
a = 2ξ¯′ ˜¯L
′ab
B′b. (4.7e)
If we also make the special choice1
L¯′ab = Lab ≡ Lab∞
˜¯L
′ab
= L˜ab ≡ L˜ab∞ (4.8a)
we see that (4.6) and (4.7) are precisely the generic affine-Virasoro action [7–9] (in the
form given in [9]) and its spin-two gauge invariance. Without the choice (4.8a), the spin-
two gauged WZW actions (4.6) offer a mild generalization of the affine-Virasoro action,
which may describe non-diagonal constructions of the corresponding irrational conformal
field theories.
We emphasize that the generic affine-Virasoro action describes only those generic
constructions in the Virasoro master equation which have no larger local symmetry than
the Diff S2 associated to the K-conjugate theory. In particular, the generic action does
not describe the local Lie h-invariant CFTs [16]. This is the large, generically irrational
set of all CFTs with an additional local Lie h invariance, including the coset constructions
as the simplest case. The actions for the local Lie h-invariant CFTs will be obtained in
the following section.
5 Example: The Spin-Two Gauged Coset Constructions
In this section, we study another special case of the spin-two gauged sigma models,
namely the spin-two gauged g/h coset constructions. This class of examples includes the
spin-two gauged WZW actions in the formal limit when g ⊃ h→ 0.
1In the language of [7], the subscript ∞ means the high-level limit Lab
∞
= P ab/2k of any high-level
smooth solution of the Virasoro master equation, in agreement with (4.6d). More generally, the classical
inverse inertia tensors L, L˜, L¯, ˜¯L of the spin-two gauged sigma models are the semiclassical limit of the
one-loop inverse inertia tensors of [14]
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In this case, the background sigma model SG is the sigma model description Sg/h of the
coset constructions, that is, the sigma model form of the spin-one gauged WZW actions
(see Appendix A). The K-conjugation relations read
Kg/h : T
g/h
±± = T±± + T˜±± (5.1a)
Labg/h = L
ab
g − Labh = Lab + L˜ab = L¯ab + ˜¯L
ab
(5.1b)
in this case, where T
g/h
±± are the (high-level forms of the) stress tensors of the coset con-
structions. K-conjugation through the coset constructions, as seen in (5.1a), is known
to be exact at the quantum level for the local Lie h-invariant CFTs [16] of the Virasoro
master equation, so we expect and will find that our action (3.9) for the general spin-
two gauged coset construction is the action for this large class of generically irrational
conformal field theories.
5.1 Inverse Inertia Tensors in the Coset Backgrounds
To realize the spin-two gauged coset actions (3.9) in this case, our first task is to solve
the covariant-constancy conditions (3.10a) in the background of the general g/h coset
construction. For this, we will need the following data, derived in Appendix A, for the
sigma model description of the coset construction,
yi = 1√
α′
xi (5.2a)
Gij = ei
aGabej
b = e¯i
aGabe¯j
b (5.2b)
ei
a = (1 +M)aµLi
µ (5.2c)
e¯i
a = −eibΛba = −Liµ((1 +M)Ω)µa (5.2d)
Λ = Pg/h(1 +M)ΩPg/h, ΛΛ
T = Pg/h (5.2e)
M = ΩPhNPh, N = (1− PhΩPh)−1 (5.2f)
(ωˆ+i )a
b = 1√
α′
Li
µMµ
AfAa
b (5.2g)
(ωˆ−i )a
b = Λa
cωˆ−(Λ)cd(Λ−1)db + ∂iΛac(Λ−1)cb (5.2h)
ωˆ−(Λ)ab = − 1√α′NABLBi fAab (5.2i)
i, j = 1, . . . , dim g/h (curved)
a, b = 1, . . . , dim g/h (flat)
µ, ν = 1, . . . , dim g (flat)
A,B = 1, . . . , dim h (flat). (5.2j)
Here Ph and Pg/h are projectors onto h and g/h, Ω is the adjoint action of g, and Li
µ is
the restriction to i = 1, . . . , dim g/h of the left invariant vielbein L on the group manifold.
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The quantities Λ, e and e¯ in (5.2) are the analogues on the coset of the adjoint action
Ω and the left and right invariant vielbeins L and R on the group manifold (called e and
e¯ in Section 4). Indeed, as a check, we note the agreement with the WZW data (4.1),
Λ→ Ω, eia → Lai , e¯ai → Rai = −LiµΩaµ
(ωˆ+a )b
c → 0, (ωˆ−a )bc → −
1√
α′
fab
c (5.3)
in the formal limit h→ 0, g/h→ g.
As in the case of the WZW background, ωˆ− is more complicated than ωˆ+, but ωˆ−
is a gauge transformation of ωˆ−(Λ), whose form is similar to ωˆ+. We may bring both
covariant-constancy conditions into similar form
∇ˆ+i (ωˆ+)Lab = ∇ˆ−i (ωˆ−(Λ))L¯′ab = 0 (5.4a)
L¯′ab ≡ L¯cdΛcaΛdb (5.4b)
by the definition in (5.4b). In (5.4a) we have explicitly indicated the spin connections in
the gradients ∇ˆ±i .
In both problems (5.4a) the relevant spin connections ωˆ± ∼ ωˆ are proportional to the
structure constants, and we take them in the block-diagonal form
∇ˆi(ωˆ)Lab = 0 (5.5a)
(ωˆi)a
b = Ri
AfAa
b =


B1i
. . . 0
Bri
0 0


(5.5b)
La
b = 2La
cLc
b (5.5c)
where the blocks Bsi are irreps of h ⊂ g. The general solution to the system (5.5) has
been discussed in [15]. The result is
La
b = 1
2


11θ1
12θ2
. . . 0
1rθr
0 θ


(5.6a)
θi = 0, 1; θ
2 = θ (5.6b)
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where 1s are unit matrices and the projectors θr, θ are constants, so that (5.6) solves (5.5)
in the form
∂iL
ab = Lc(afcA
b) = 0. (5.7)
Here (ab) means symmetrization with respect to the indices a and b.
In summary, we have shown that a large class of inverse inertia tensors exist in the
coset backgrounds:
Lab = constant (5.8a)
L¯′ab = L¯cdΛcaΛdb = constant (5.8b)
Lab = 2LacGcdL
db, L¯′ab = 2L¯′caGcdL¯′db (5.8c)
Lc(afcA
b) = L¯′c(afcAb) = 0 (5.8d)
where the constant solutions of (5.8c), (5.8d) have the form (5.6). The same results with
L → L˜, L¯ → ˜¯L follow for the K-conjugate inverse inertia tensors. The spin-two gauged
coset actions (3.9) are realized for any solution of (5.8).
5.2 Identification with the Local Lie h-Invariant CFTs
We now turn to the identification of the new spin-two gauged coset actions as the
actions of the local Lie h-invariant CFTs [16].
The Lie h-invariant CFTs are found in the Virasoro master equation on g ⊃ h, where
the general inverse inertia tensor L is labelled as
Lµν = constant, µ = (A, a), ν = (B, b) (5.9a)
Lµν = 2LµρGρσL
σν +O(k−2) (5.9b)
in the present notation (see (5.2)). The relation in (5.9b) is the semiclassical or high-level
form of the Virasoro master equation on g, which is all we will need for this discussion (see
also Appendix B). The necessary and sufficient condition that the CFT is Lie h-invariant
is that the inverse inertia tensor is invariant under infinitesimal h transformations
Lρ(µfρA
ν) = 0, A = 1, . . . , dim h. (5.10)
The distinction between global and local Lie h-invariant theories is that the h-currents
JA are respectively (1, 0) and (0, 0) operators of T
global : [T (m), JA(n)] = −nJA(m+ n) (5.11)
local : [T (m), JA(n)] = 0 (5.12)
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when T = Lµν : J+µ J
+
ν : is a Lie h-invariant construction. The coset constructions are the
simplest examples of local Lie-h-invariant CFTs, but both classes are vast, with generically
irrational central charge.
The local Lie h-invariant CFTs always occur in K-conjugate pairs
Kg/h : Tg/h = T + T˜ (5.13)
where the conjugation is through the coset constructions.
Eq. (5.12) also tells us that no h-currents are present in the stress tensor of a local
Lie h-invariant CFT at high level
Lab = O(k−1), LAB = O(k−2), LAa = O(k−2) (5.14)
and hence that the coset-valued part of L is semiclassically dominant for the local Lie
h-invariant CFTs. In this case, (5.9b) and (5.10) reduce to
Lab = 2LacGcdL
ab +O(k−2) (5.15a)
Lc(afcA
b) = O(k−2) (5.15b)
and the same equations hold for the K-conjugate theory L → L˜ because both T and
T˜ = Tg/h − T are local Lie h-invariant CFTs under conjugation through g/h.
The semiclassical conditions (5.15) are the same conditions (5.8c), (5.8d) we found for
the allowed classical inverse inertia tensors in the coset backgrounds, and this completes
the identification of our spin-two gauged coset actions as the actions of the local Lie
h-invariant CFTs.
5.3 Spin 2 and Spin 1 Gauged Form of the New Actions
In this section, we find spin 2 and spin 1 gauged actions which are equivalent descrip-
tions of the spin 2 gauged coset constructions/local Lie h-invariant CFTs of the previous
section.
Although the generic affine-Virasoro action (4.6) is not applicable to the local Lie
h-invariant CFTs, our new spin 2 gauged coset actions should be equivalent to a spin 1
gauging (by h ⊂ g) of the affine-Virasoro action for local Lie h-invariant CFTs:
S2,1 = S
′
AV |local Lieh +
1
πy
∫
d2ξ Tr(AA¯−AB¯′ − A¯B′) (5.16a)
S ′AV |local Lieh = SWZW +
∫
d2ξ[− 1
πy
Tr(D¯gDg−1)
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+
α
πy2
L˜abTr(TaB
′)Tr(TbB
′)
+
α¯
πy2
˜¯L
′ab
Tr(TaB¯
′)Tr(TbB¯
′)] (5.16b)
L˜ab = constant (5.16c)
˜¯L
′ab
= ˜¯L
cd
Λc
aΛd
b = constant (5.16d)
L˜ab = 2L˜acGcdL˜
db, ˜¯L
′ab
= 2˜¯L
′ca
Gcd
˜¯L
′db
(5.16e)
L˜c(afcA
b) = ˜¯L
′
c(afcA
b) = 0. (5.16f)
Here S ′AV |local Lieh is nothing but the generic affine-Virasoro action S ′AV on g in (4.6), now
evaluated for any L˜, ˜¯L
′
which are local Lie h-invariant, as shown in (5.16f). The indices
a, b in (5.16) take the values 1, . . . , dim g/h, because L˜, ˜¯L
′
are dominated by their values
on the coset, and the auxiliary fields Bi, B¯i are g-valued. On the other hand, the spin 1
gauge fields A, A¯ are valued on h. This action has the following spin 2 and spin 1 gauge
symmetries
δα = −∂¯ξ′ + ξ′ ↔∂ α, δα¯ = −∂ξ¯′ + ξ¯′
↔
∂ α¯ (5.17a)
δg = giλ− iλ¯g (5.17b)
δB′ = ∂λ + i[B′, λ], δB¯′ = ∂¯λ¯+ i[B¯′, λ¯] (5.17c)
δA = ∂ǫH + i[A, ǫH ], δA¯ = ∂¯ǫH + i[A¯, ǫH ] (5.17d)
λ = λaTa + ǫH , λ¯ = λ¯
aTa + ǫH (5.17e)
λa = 2ξ′L˜abB′b, λ¯
a = 2ξ¯′ ˜¯L
′ab
B′b (5.17f)
where ǫH , which is is h-valued, is the parameter for the spin 1 symmetry, and ξ
′, ξ¯′ are
the parameters for the spin 2 symmetry.
From the viewpoint of stress tensors in the Virasoro master equation on g, the action
(5.16) describes the local Lie h-invariant stress tensor Tllh = T (L), which appears in two
K-conjugation relations [16]
Tg = Tllh + Tglh (5.18a)
Tg/h = Tllh + T˜llh (5.18b)
where T˜llh = T (L˜) is also local Lie h-invariant and Tglh is a global Lie h-invariant theory.
Combining these relations, we find that
T˜llh = Tglh − Th (5.19a)
[Tllh, T˜llh] = [Tllh, JA] = [T˜llh, JA] = 0 (5.19b)
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where A labels the h-currents. The commuting operators T˜llh and JA generate the local
spin-two and spin-one symmetries by which the theory Tllh = T (L) is gauged in (5.16).
For the special case of the cosets themselves (Tllh = Tg/h), we see that T˜llh = L˜ = 0
and the spin-two gauging decouples in (5.16), leaving the ordinary spin-one gauged WZW
action [22–25].
As a check, we integrate out A and A¯ in (5.16) to obtain
S ′ = SWZW +
∫
d2ξ∆L′B (5.20a)
∆L′B =
α
πy2
L˜abTr(TaB
′)Tr(TbB
′)
+
α¯
πy2
˜¯L
′ab
Tr(TaB¯
′)Tr(TbB¯
′)
− 1
πy
Tr((∂¯ + iB¯′)g(∂ + iB′)g−1)
−1
π
B′AG
ABB¯′B (5.20b)
where ∆L′B differs from ∆LB in (4.6a) only by the last term in (5.21). This action still
enjoys the spin 2 and spin 1 symmetries given in (5.17) except for (5.17d). Finally, we
have shown by gauge fixing the spin 1 symmetry and integrating out B′A, B¯
′
A that we get
exactly the sigma model form (3.9) of the spin 2 gauged coset constructions, with the
identifications
yi = 1√
α′
xi (5.21a)
B′a =
1
2
√
α′
Ba (5.21b)
B¯′a = − 12√α′ (Λ−1)abB¯b (5.21c)
L˜ab = constant (5.21d)
˜¯L
′ab
= ˜¯L
cd
Λc
aΛd
b = constant. (5.21e)
It follows that the spin 2 and spin 1 gauged actions (5.16) or (5.20) are equivalent to the
spin 2 gauged coset actions (3.9), and any of these are equivalent descriptions of the local
Lie h-invariant CFTs.
6 The Doubly-Gauged Actions
As a final topic, we briefly discuss the doubly-gauged sigma model actions, which
include the doubly-gauged WZW actions of Refs. [7–9]. In these actions the background
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sigma model is gauged by both the L and the L˜ theories, resulting in a Diff S2 × Diff S2
symmetry with two spin-two gauge fields.
Following the references, one begins with the doubly-gauged Hamiltonian
H2 = u · T + v · T˜
= uT++ + u¯T−− + vT˜++ + v¯T˜−−
=
1
8πα′
[(uLab + vL˜ab)J+a J
+
b
+(u¯L¯ab + v¯ ˜¯L
ab
)J−a J
−
b ] (6.1)
which exhibits a (Diff S1)4 symmetry generated by all four stress tensors T±± and T˜±±.
The extra multipliers u and u¯ form a second spin-two gauge field hmn of the form (3.5)
with v, v¯ → u, u¯ which can be identified, as in (3.24), (3.25) as the world-sheet metric of
the L theory.
Adding the usual auxiliary fields B and B¯, one finds the doubly-gauged sigma models
L2 = LG + 1
4πα′
[(αL˜ij + βLij)BiBj
+(α¯ ˜¯L
ij
+ β¯L¯ij)B¯iB¯j
−(Bi − ∂+xi)Gij(B¯j − ∂−xj)] (6.2a)
α =
1− v
1 + v
, α¯ =
1− v¯
1 + v¯
, β =
1− u
1 + u
, β¯ =
1− u¯
1 + u¯
(6.2b)
where LG is the sigma model Lagrange density in (2.1). The conditions (3.10) (and the
equivalent conditions (2.10)) apply here as well. In these actions, the (Diff S1)4 symmetry
of the Hamiltonian (6.1) is promoted to a Diff S2 × Diff S2 invariance
δS2 = δ¯S2 = 0 (6.3)
where the explicit form of the invariance is
δα = −∂−ξ + ξ
↔
∂+ α, δβ = −∂−ζ + ζ
↔
∂+ β (6.4a)
δxi = ξi = 2(ξL˜ij + ζL
i
j)B
j (6.4b)
δBi = ∂+ξ
i − (Bj − ∂+xj)ξk(Γˆ+)jki (6.4c)
δB¯i = −ξjB¯k(Γˆ−)jki (6.4d)
δ¯α¯ = −∂+ξ¯ + ξ¯
↔
∂− α¯, δ¯β¯ = −∂+ζ¯ + ζ¯
↔
∂− β¯ (6.4e)
δ¯xi = ξ¯i = 2(ξ¯ ˜¯L
i
j + ζ¯L¯
i
j)B¯j (6.4f)
δ¯Bi = −ξ¯jBk(Γˆ+)jki (6.4g)
δ¯B¯i = −∂−ξ¯i − (B¯j − ∂−xj)ξ¯k(Γˆ−)jki. (6.4h)
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With the discussion of Section 4, we see that the doubly-gauged WZW action [7–9] is
included in (6.2) when the background sigma model is the WZW action. Moreover, using
the results of Section 5, we see that the doubly-gauged coset actions are included in
(6.2) for each K-conjugate pair of local Lie h-invariant CFTs. Using the two world-sheet
metrics hmn and h˜mn of the K-conjugate theories, one application for such constructions
is discussed in [9].
In the doubly gauged actions (6.2), the pair L, L˜ of K-conjugate CFTs are included
symmetrically: To describe the CFT L, one views hmn as a fixed world-sheet metric and
integrates out the K-conjugate metric h˜mn, and vice-versa to describe the CFT L˜.
An alternative procedure is to integrate out both spin-two gauge fields hmn and h˜mn,
which defines a new class of string theories where the physical states are simultaneously
primary under the K-conjugate pairs of commuting Virasoro generators (T++, T−−, T˜++
and T˜−−). The first example of this kind of string theory was the “spin-orbit” model of
[6] (see also [3]) and this new class of string theories may also be related to the models of
[19]. We note in particular that Virasoro biprimary fields [26, 3] have arisen naturally in
both contexts.
7 Conclusions and Discussion
We have obtained the action formulation of a large class of new CFTs whose stress
tensors were recently constructed [14, 15] at the one-loop level in the background of the
general conformal non-linear sigma model. The actions are generically new spin-two
gauged sigma models
S ′ =
∫
d2ξ L′ (7.1a)
L′ = LG + 1
4πα′
[αL˜ijB
iBj + α¯ ˜¯LijB¯
iB¯j
−(Bi − ∂+xi)Gij(B¯j − ∂−xj)] (7.1b)
∇ˆ+i L˜jk = ∇ˆ−i ˜¯Ljk = 0 (7.1c)
L˜i
j = 2L˜i
kL˜k
j, ˜¯Li
j = 2˜¯Li
k ˜¯Lk
j (7.1d)
where
∫
d2ξLG is the action of the general non-linear sigma model. The spin-two gauge
symmetry of these actions is associated with K-conjugation KG through the background
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conformal sigma models. The spin-two gauged sigma models contain (at least) the fol-
lowing special cases
• The general non-linear sigma model
• The Polyakov-gauged general non-linear sigma model
• The spin-two gauged WZW actions
• The spin-two gauged g/h coset actions
which we have discussed in some detail: The spin-two gauged WZW actions (associated
to Kg conjugation through the affine-Sugawara construction) describe the generic CFT
in the Virasoro master equation, and these actions are nothing but the sigma model form
of the generic affine-Virasoro action [7–9]. The spin-two gauged coset actions (associated
to Kg/h conjugation through the coset constructions) describe the local Lie h-invariant
CFTs [16]. This is the set of all CFTs in the Virasoro master equation with an extra h
gauge symmetry, including the coset constructions as the simplest case.
Beyond these examples, new CFTs are obtained for every solution of the conditions
(7.1c), (7.1d) in the background of the conformal sigma model. The necessary and suffi-
cient conditions for the solutions of these conditions is discussed in [14, 15]. It is expected
that the class of CFTs described by the spin-two gauged sigma models is vast, one hint
being the observation of many other K-conjugation covariances [16] in the Virasoro mas-
ter equation, beyond Kg and Kg/h discussed here. These include K-conjugation through
g + h and the general affine-Sugawara nests g/h1/ . . . /hn. Beyond this, it is reasonable
to expect many new KG-covariances not associated to group manifolds.
Another direction for generalization is as follows. The spin-two gauged sigma models
describe only generic CFTs whose local symmetry is associated only toK-conjugation. On
the other hand, there will be special cases of higher symmetry (for example a W3 symme-
try) for which one needs to include a higher-spin gauging as well. If the higher symmetry
is generated by holomorphic/antiholomorphic polynomials Pr(x
i, ∂+x
i), P¯r(x
i, ∂−xi), the
action has the form (7.1b),
S =
∫
d2ξ L (7.2a)
L = LG + 1
4πα′
[
∑
r
αrPr(x
i, Bi) +
∑
r
α¯rP¯r(x
i, B¯i)
−(Bi − ∂+xi)Gij(B¯j − ∂−xj)] (7.2b)
where αL˜ijB
iBj has been replaced by
∑
r αrPr(x
i, Bi), and similarly for the term involving
α¯. These actions include the spin-two gauged sigma models (7.1) when the generating
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polynomials P, P¯ are the K-conjugate stress tensors 8πα′T˜ , 8πα′ ˜¯T . The action (7.2) is
invariant under the higher-spin gauge transformations
δαr = −∂−ξr + . . . (7.3a)
δxi ≡ ξi = ∑r ξrGij ∂Pr(xi,Bi)∂Bj (7.3b)
δBi = ∂+ξ
i − (Bj − ∂+xj)ξk(Γˆ+)jki (7.3c)
δB¯i = −ξjB¯k(Γˆ−)jki (7.3d)
δ¯α¯r = −∂+ξ¯r + . . . (7.3e)
δ¯xi ≡ ξ¯i = ∑r ξ¯rGij ∂P¯r(xi,B¯i)∂B¯j (7.3f)
δ¯Bi = −ξ¯jBk(Γˆ+)jki (7.3g)
δ¯B¯i = −∂−ξ¯i − (B¯j − ∂−xj)ξ¯k(Γˆ−)jki (7.3h)
where the detailed form of δαr and δα¯r depends on the Poisson bracket algebra formed by
Pr and P¯r. Adding to (7.2) an additional BB¯-term, one can also include a vector gauging
of non-abelian spin 1 symmetries.
It is quite remarkable that by introducing auxiliary fields this large class of actions
can be brought to this simple polynomial form. Integrating out the auxiliary fields yields
the non-linear form of these actions, which are also non-local in the general case.
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Appendices
A Sigma Model Form of the Spin-One Gauged WZW Action
The results of this appendix were worked out with K. Sfetsos.
The WZW action [20, 21] is
Sg = − 18piy
∫
d2ξTr(g−1∂+gg−1∂−g)− 112piy
∫
Tr(g−1dg)3
Tr(TaTb) = yGab, ∂± = ∂τ ± ∂σ, d2ξ = dτdσ (A.1)
and the gauged WZW action [22–25], which describes the g/h coset constructions [6, 10,
11], is
Sg/h = Sg +
1
4πy
∫
d2ξTr[ig−1∂+gA− − iA+∂−gg−1 − g−1A+gA− +A+A−]. (A.2)
The equations of motion of the gauge fields A± are
g−1D+g|h = D−gg−1|h = 0
D±g = ∂±g + i[A±, g] (A.3)
and the matter equations of motion can be broken apart to read
F−+ = ∂−A+ − ∂+A− + i[A−, A+] = 0
D−(g
−1D+g) = 0. (A.4)
To go to the sigma model form of the coset actions, we gauge fix the h invariance of (A.2),
integrate out A± and compare to the sigma model (2.1) and its equations of motion (2.4).
This gives the coset metric, vielbein and spin connections in (5.2).
Moreover, we find for the gauge fields that
(A+)a
b = AA+(−ifAab) = i∂+xi(ωˆ−i (Λ))ab
(A−)a
b = AA−(−ifAab) = i∂−xi(ωˆ+i )ab (A.5)
where ωˆ+ and ωˆ−(Λ) are given in (5.2g) and (5.2i). Using these relations, the flatness
condition in (A.4) can be expressed as
Rˆ+cda
b + ∇ˆ+d Φcab = 0
(Φi)a
b ≡ (ωˆ+i )ab − ωˆ−i (Λ)ab
= (1 +M +MT )AµLi
µfAa
b (A.6)
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where the matrix M is given in (5.2f) and Rˆ+cda
b is the generalized Riemann tensor with
torsion (see [14] and Section 2). The sigma model Einstein equations are
Rˆ+ij = 2∇ˆ+i ∇ˆ+j Φ (A.7)
where Φ is the dilaton. Comparing (A.6) and (A.7) gives the known [27] form of the coset
dilaton
Φ =
1
2
log det(PhNPh) = −1
2
log det(Ph(1− PhΩPh)Ph) (A.8a)
2∂iΦ = (ωˆ
+
a − ωˆ−a (Λ))ia = eiaMbAfAab (A.8b)
in a new way. We found that the identities
(1 +MT )Pg/h(1 +M) = 1 +M +M
T (A.9)
MaAMb
BfBa
b = fBA
DMD
B (A.10)
were helpful in the algebra above.
B Semiclassical Limit of the Lie h-Invariant CFTs
Here, we review and extend some facts [16] about the local Lie h-invariant CFTs.
The general affine-Virasoro construction on simple g is [1, 2]
T = Lab : JaJb : (B.1a)
Lab = 2LacGcdL
db − LcdLeffceafdf b − Lcdfceffdf (aLb)e (B.1b)
c = 2GabL
ab (B.1c)
Gab = kηab (B.1d)
a, b, c = 1, . . . , dim g (B.1e)
where a, b→ µ, ν in the text, and (B.1b) is the Virasoro master equation. The high-level
smooth solutions of the master equation have the semiclassical form
Lab =
P ab
2k
+O(k−2), PacPcb = δab (B.2)
where Pa
b = GacP
cb.
The Lie h-invariant CFTs on g, with g/h a reductive coset space, satisfy
a = (A, I), A = 1, . . . , dim h, I = 1, . . . , dim g/h (B.3a)
GAI = fAB
I = fAI
B = 0 (B.3b)
Lc(afcA
b) = 0 (B.3c)
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where I, J → a, b in the text. The Lie h-invariant CFTs fall into two classes, global and
local, according to the realization (5.11), (5.12) of the h symmetry.
It was observed [16] in the graph-theory ansatz on g = SO(n) that the local Lie
h-invariant CFTs have the semiclassical behavior
LIJ = O(k−1), LAB = O(k−2), LAI = O(k−2) (B.4)
so that the coset-valued L is semiclassically dominant. It was argued in the text that this
is true in general for all local Lie h-invariant CFTs.
Then the master equation (B.1b) gives the leading semiclassical form of the general
local Lie h-invariant CFT:
LIJ = P
IJ
2k
+O(k−2), P IKPKJ = δIJ (B.5a)
PK(IfKA
J) = 0 (B.5b)
c = rank(P IJ) +O(k−1) (B.5c)
LAB = − 1
4k2
P IJPKLfIK
AfJL
B +O(k−3) (B.5d)
LAJ(δJ
I − PJI) = − 14k2PMN(P JKfJMAfKNI + fMJLfNLAP IJ) +O(k−3). (B.5e)
It would be interesting to study the local Lie h-invariant CFTs in the one-loop unified
Einstein-Virasoro master equation of [14], where the dilaton must simulate the LAB and
LAI contributions which are missing in the sigma model description.
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